Abstract: Metamaterials (MMs) are subwavelength-structured materials that have been rapidly developed in this century and have various potentials to realize novel phenomena, such as negative refraction, cloaking and super-resolution. Theoretical proposals for super-resolution image transfer using metallic thin films were experimentally demonstrated at ultraviolet and violet wavelengths from 365 to 405 nm. However, the most preferred wavelengths of optical imaging are green wavelengths around 500 nm, because optical microscopy is most extensively exploited in the area of biotechnology. In order to make the super-resolution techniques using MMs more practical, we propose the design of a stratified metal-insulator MM that has super-resolution image transfer modes at green wavelengths, which we here call hyper modes. The design assumed only Ag and SiO 2 as constituent materials and was found employing Bloch-state analysis, which is based on a rigorous transfer-matrix method for the metal-insulator MMs. It is numerically substantiated that the designed stratified metal-insulator metamaterial (SMIM) is capable of forming super-resolution images at the green wavelengths, and optical loss reduction is also studied. We discuss the results derived by the Bloch-state analysis and by effective medium models usually used for the metal-insulator MMs and show that the Bloch-state analysis is more suitable to reproduce the experimental data.
Introduction
Super-resolution (SR) image transfer in metamaterials (MMs) was stimulated by a paper on SR imaging by a silver slab [1] and has been developed theoretically [2] [3] [4] and experimentally [5] [6] [7] [8] [9] . The MMs for SR imaging are stratified metal-insulator metamaterials (SMIMs) and one of the simplest MMs in structure, as illustrated in Figure 1 . In addition to the SR imaging, it was found that the SMIMs enable intriguing phenomena, such as isotropic negative refraction [10, 11] . The experimental demonstrations on the SR imaging and the negative refraction were mostly conducted at the ultraviolet (UV) to violet wavelength range (365 to 405 nm), where SMIMs of finite thickness show high transmittance (T) up to tens of a percent. Figure 1 . Schematic of stratified metal-insulator metamaterials (SMIMs) of a complex unit cell. As an example, a SMIM of a six-layer unit cell is illustrated. Gray denotes metal (M) and pale blue insulator (I). The optical configuration of incidence is also shown with the wavevector k, the E-field vector E and the angle θ.
One of the issues in SMIMs is to move the transmission band associated with the SR imaging to desired wavelength ranges. To date, it was reported that SMIMs, including insulators of a high refractive index of about 2.4 [8, 10, 11] , have a transmission band at a longer wavelength range than SMIMs of a low refractive index of about 1.5. However, it has not been reported that SMIMs works at about 500 nm or green wavelengths, even if the high-index insulators are incorporated. The best wavelengths for imaging of biological objects are the green wavelengths. Therefore, to make the SR optical imaging more practical, it is highly desirable to move the working wavelengths to the green wavelengths, In addition, well-known low-index insulators, such as SiO 2 , have an advantage in making the fabrication procedure more feasible and low cost, because they are widely used and common materials. Designs to meet the requirements above have not been presented to date.
When considering further advances in SMIMs application, there is a fundamental issue. SMIMs have been conventionally explained, assuming an effective medium model; that is, SMIMs are assumed to be uniaxial media and to be described using the effective permittivity of ε || and ε ⊥ , where the symbols || and ⊥ denote parallel and perpendicular to the principal axis in the uniaxial media, respectively. It has been furthermore assumed that the effective parameters ε || and ε ⊥ are local and independent of wavevector k of electromagnetic (EM) waves in SMIMs. These assumptions lead to so-called hyperbolic dispersion [3, 4, [12] [13] [14] [15] [16] in the (k x , k z ) plane in the optical configuration of Figure 1 . However, the validity of the model has not been examined in most cases. Indeed, there is a limitation of the effective medium model for SMIMs concerning wavelength range [17] . Based on a rigorous transfer matrix [18, 19] , a more thorough theoretical analysis employing photonic Bloch states was explored for multilayered metal-insulator structures [20] [21] [22] [23] [24] [25] . Among the reports on the Bloch-state analysis, a realistic procedure, which directly corresponds to the experiment, incorporating the actual permittivity of metal and the imaginary part of the Bloch eigenvalues, was limited to [21, 22] .
In this paper, we propose concrete designs of SMIMs with a diffraction-suppressing mode at blue and green wavelengths; we here call the modes hyper modes. The designs require Ag and only a low-index insulator, such as SiO 2 , which has refractive index of 1.46 in the visible spectrum. The hyper modes are explicitly derived employing the Bloch-state analysis [21, 22] . The SMIMs with hyper modes were found by a structural search that was a combination of the random generation of unit cells in SMIMs and of refined optimization of a selected good unit cell. The properties of light propagation in SMIMs are quantitatively analyzed and are clarified without relying on the effective medium model that is often assumed for SMIMs. The deeply subwavelength image transfer by the SMIMs of a low-index insulator is directly examined, and the loss reduction in SMIMs with the gain insulator is also studied. From the viewpoint of the Bloch states, we also discuss other experimental SMIMs [6, 8, 11] and reach a result that the hyperbolic dispersions assumed in the reports [3, 4, [12] [13] [14] [15] are limited to a wavenumber range around the origin of the dispersion diagram. The result is consistent with recent theoretical implications [24, 25] . Figure 1 depicts a schematic of the SMIM of a complex unit cell; a SMIM of a six-layer unit cell is illustrated to show the incident configuration. The coordinate system is defined such that the x y plane is parallel to the metal (M) and insulator (I) layers, which are shown with gray and pale blue, respectively, and the z axis is parallel to the stacked direction. The M and I layers are assumed to spread enough along the x y plane. The plane of incidence is set to be parallel to the xz plane; the p-polarized incident plane wave is shown, and then the electric-field (E-field) vector E is parallel to the xz plane. When incident light is s polarized, the E-field vector satisfies with E||y. Figure 2a shows a schematic illustration of a SMIM of a four-layer unit cell of (SiO 2 50 nm/Ag 25 nm/SiO 2 80 nm/Ag 25 nm). A SiO 2 layer of 50 nm in thickness is exposed to the incident layer of air. The SMIM comprises 16 layers in total and has a 720-nm thickness. A feature of the SMIM is the transmission window at 410 nm.
Designs of Complex Unit Cells in SMIMs

Four-Layer Unit Cell for Blue Wavelengths
Measured and calculated T spectra under p polarization are shown in Figure 2b and c, respectively. The T spectra are shown with an offset for clarity, represented in the top-to-bottom manner in accordance with incident angles 0 • to 60 • . The measured T spectra show a quantitatively good agreement with the calculated ones for the wide incident angles. The specimen was made by ion-beam sputtering onto a SiO 2 substrate; the thin-film growth enabled highly precise control of the thickness of each layer. The numerical calculation was implemented by using the scattering-matrix (S-matrix) algorithm [26] and by taking the measured permittivity of Ag [27] and the typical permittivity of SiO 2 , 2.1316, and air, 1.00054. Figure 2d presents the transmission Bloch band of the SMIM of the four-layer unit cell at transverse magnetic (TM) polarization, at which we set the E-field vector to be in the xz plane. We mention that the TM polarization corresponds to p polarization in the illuminating configuration of Figure 1 . The Bloch band is well defined in perfectly periodic SMIMs, which was determined by solving the following eigenvalue equation:
where T denotes the 2 × 2 transfer matrix for one periodicity d, F ± is the EM-field component propagating for ±z directions, respectively, and z 0 is an arbitrary z value [22] . The derivation of the transfer matrix was straightforward, composed of the product of interface and boost matrices, and was explicitly shown in [19, 21] . Note that the transfer matrix T depends only on k x . Bloch states in SMIMs are indexed with K in Equation (1), which determines the propagation characteristics for the z axis; the explicit form is given by:
where m is an integer and gives a branch only to the real part of the K. Thus, there remains the problem to determine a proper branch, which is examined later. Note that the Bloch band is independent of the value of z 0 . At TM polarization, F is the y component of the magnetic field, whereas, at TE (transverse electric) polarization (E||y), F is the y component of the E-field. The transmission Bloch bands (blue and thin gray) in Figure 2d were obtained under the exponentially non-growing condition for exp(iK d), such as 0 ≤ Im(K ) < 0.1 and 0 ≤ Im(K ) < 1.0, respectively; we call the former low-loss condition and the latter relatively large loss. Strictly, the Bloch bands in realistic SMIMs are quasi-transmission bands because optical loss is inevitable. This point is different from the Bloch bands in loss-free dielectric multilayer structures [18] .
In Figure 2d , a feature in the Bloch band appears, for which the k x component widely supports the transmission Bloch band at about 3.0 eV (double-ended arrow). The wide k x mode was recently employed to realize SR imaging with sub-50-nm resolution by implementing a hyperlens in an optical microscope [9] .
It is also to be noted that a small Im(k z ) band shown with blue manifests itself as T peaks in Figure 2b ,c. Thus, the Bloch state is well supported by the experimental data. Blue and light gray correspond to the low-loss and relatively large-loss bands described in the text, respectively. Double-ended arrows indicate the peak of transmission at 3.02 eV (or 410 nm).
Six-Layer Unit Cell for Green Wavelengths
Figure 3a schematically draws a SMIM of the six-layer unit cell of (SiO 2 51.2 nm/Ag 14.7 nm/SiO 2 101.8 nm/Ag 7.4 nm/SiO 2 15.4 nm/Ag 9.5 nm). If the SMIM is a finite stacking, a SiO 2 layer of 51.2 nm in thickness is set to touch the incident layer of air and a Ag layer of 9.5 nm to touch the SiO 2 substrate. The unit cell was found through automatic search on a computer; the search started with the random generation of 30,000 unit cells of given periodicity and numbers of layers, selecting unit cells satisfying high T at 500 nm as independent as possible of the incident angles between 0 • and 80 • under p polarization and then optimizing the best unit cell in the random generation. This automatic search is equivalent to a genetic algorithm search in the first generation; similar implementations to take optical quantity in MMs as the fitness were reported [28] [29] [30] . In the present search, fitness in the genetic algorithm was the sum of T evaluated at 10 • -step incident angles from 0 • to 80 • , and the constraint was the total thickness of the unit cell (200 nm) and the minimum thickness of each layer (5 nm). Finite SMIMs, which were composed of four unit cells, were searched. The SMIM of the best unit cell exhibits T more than 30% at 500 nm and θ = 0 • , even when it contains 24 layers, half of which are metallic layers. We mention that the best-designed SMIM requires highly precise control of each layer; in practice, the ion-beam sputtering that we employed in Figure 2b is able to meet this precision. This is because, although the growth rates of Ag and SiO 2 were 0.31±0.03 and 0.17±0.03 nm/s, respectively, the temporal control less than 0.3 s makes it practically possible to realize 0.1-nm precision. Note again that the very good agreement of the experiment and theory in Figure 2 was obtained by the sputtering method and would not be obtained by other film-making methods. Figure 3b shows the transmission Bloch band of the SMIM of the six-layer unit cell at TM polarization, represented in a similar manner to Figure 2d . Figure 3c shows the equi-frequency TM-polarized contour at 2.4304 eV (or 510.0 nm in wavelength); the real part of k z is shown with solid curves and the imaginary part with the dotted line. The real parts always contain both +z-and −z-propagation components, shown with bold and thin curves, respectively. The equi-frequency contour is peculiar to TM polarization; at the low-loss range (|k x | ≤ 1.65), the Re(k z ) takes positive values and forms a convex shape for the +z-propagation. At the other k x range (|k x | > 1.65), the Re(k z ) becomes negative. The (k x , k z ) contour is far from the so-called hyperbolic shape; nevertheless, the mode serves as a hyper mode, as shown later. Note that the imaginary part is shown only for the +z-propagation component for simplicity. Figure 3d shows the transmission Bloch band at TE polarization; red and light gray correspond to low-loss and relatively large-loss bands, respectively. Figure 3e shows the equi-frequency TE-polarized contour at 510.0 nm; the real part of k z is shown with solid curves and the imaginary part with the dotted line. The real parts associated with +z-and −z-propagation components are shown in a similar way to Figure 2c . The imaginary part is also shown similarly to Figure 2c . The equi-frequency contour is roughly spherical in shape around the origin, close to typical equi-frequency contours in insulators at non-resonant wavelengths. Figure 4 shows the T spectra of the SMIM of the six-layer unit cell ( Figure 3 ) in pseudo-color representation: (a) and (b) show TM and TE polarizations, respectively. To evaluate finite T, we set the SMIM to be 24-layers in total stacked on a SiO 2 substrate. In this case, the SMIM had an 800-nm thickness in total. A SiO 2 layer of 51.2 nm in thickness was set to touch the incident layer of air. Incident angles varied from −89 • to 89 • and, therefore, covered the k x /k 0 range of (−1, 1) in Figure  3b ,d. Evidently, the T peaks in Figure 4 agree with the low-loss Bloch band in Figure 3 . Thus, the Bloch band is explicitly confirmed by the T spectra. As was referred to in Equation (2), it is necessary to determine a proper branch of Bloch-state index K, which is k z in Figure 3c ,e. A direct way to determine the physical branch is shown in Figure 5 . Figure 5 shows EM-field distributions (color) and the Poynting vector (arrows) on the xz plane at oblique incidence of θ = 60 • in the illumination configuration of Figure 1 .
The color plots represent snapshots of H y and E y components in Figure  5a ,b, respectively.
Incident light of 510.0 nm in wavelength travels from the top and sheds on the surface of the SMIM of the six-layer unit cell at z = 0 nm. Figure 5a ,b corresponds to TM and TE polarizations, respectively, and accordingly display the E x and E y components. Note that, in the incident layer, we plotted only the incident component to clearly visualize the oblique incidence, omitting the reflection component. A proper branch in Equation (2) was determined as follows. The incident angle of θ = 60 • means that the k x holds the relation of k x /k 0 = √ 3/2, where k x is the x component of wavevector in the SMIM and k 0 wavenumber of light in air. The wave front is formed in the SMIM, and refraction is observed, suggesting that refraction angle α at TM polarization is smaller than incident angle θ and refraction angle β at TE polarization larger than θ; thus we have a relation of 0 • < α < θ = 60 • < β, which implies that the |k (TM) z | at TM polarization is larger than the |k (TE) z | at TE polarization. Strictly, the E-field component in SMIMs contains both forward and backward components; therefore, the wave front does not necessarily provide a well-defined refraction angle. Still, in this case, the Poynting vector (S x , S z ) in Figure 4 is qualitatively consistent with the description of the refraction, supporting the validity. Finally, the Re(k z ) takes a positive value and satisfies with the relation of:
We thus reach a proper branch of m = 0 in Equation (2), because any other m does not meet Equation (3) . The proper branch is shown in Figure 3c and e. Figure 6a illustrates a configuration to test hyper mode in the SMIM of the six-layer unit cell. A Cr mask of a 25-nm slit and 23-nm thickness was set on the surface of a SMIM. Similarly to Figure 3a , the stacking direction of the layers is parallel to the z axis. Figure 6b displays a computed S z distribution in the configuration of Figure 6a . The SMIM was introduced in Figure 3a ; the S z is represented with pseudo-color and contours. The x-polarized incident light of S z = −1 was set to illuminate the Cr mask at the normal incidence. The wavelength was 510.0 nm. Figure 6c is a reference to Figure 6b , presenting the S z distribution in the configuration where the SMIM was replaced with the SiO 2 substrate. In comparison with Figure 6b ,c, it was confirmed that diffraction is suppressed in the SMIM; the contour of S z = −0.04 in Figure 6b has a 94-nm width along the x axis at the z position close to the substrate, whereas the contour of S z = −0.06 in the reference (Figure 6c) shows about a 600-nm width. Thus, the SMIM is able to keep the transferred image to a deeply subwavelength dimension. Such subwavelength EM-field distributions would be also useful for lithography. Actually, a SMIM was employed in interference lithography [31] . Figure 6d shows a computed S z distribution in a SMIM of a gain insulator. The structural parameters in the SMIM and the optical setup were the same as Figure 6b . The permittivity of the insulator ε g was set to ε g = 2.1316 − 0.05i, which means a loss reduction with a small gain, compared to the loss compensation in other MMs reported so far [32, 33] . We avoided introducing unrealistically extreme ε g values. As a result, the S z distribution inside the SMIM shows an improved diffraction-suppressing distribution, and the contour of S z = −0.08 reaches the substrate with a 120-nm width along the x axis.
EM-Field Images of a Deeply Subwavelength Object
The EM fields in Figure 6 were calculated by rigorously coupled-wave analysis [34] combined with the S-matrix algorithm [26] .
We here note the reason why the S z component was plotted in Figure 6 . Simple E-field intensity |E| 2 does not necessarily ensure the observable EM-field images, because the purely near-field component cannot be observed in the hyperlens microscopy observing a far-field component [3, 4] . The |S z | component reaching the substrate is composed of a far-field component, proportional to |E x | 2 in the configuration of Figure 6 . Thus, the intensity distribution of the transmitted light is proportional to the |S z | distribution shown with the color plot. In the setting in Figure 6 , when the value is S z = −0.06, the intensity is locally 6% for the incident light intensity. The value is enough to observe the images. Note that the description using the S z component was already confirmed to work effectively in the experimental study in [9] . 
Discussion
Let us examine the results and implications in Figures 2-5 . The present Bloch-state analysis has advantages in: (i) the model-free or assumption-independent method, just starting from the fact that SMIMs are periodic structures; (ii) a good reproduction of experimental data, that is the good agreement of the transmission Bloch band with the T spectra; and (iii) being capable of describing the spatially dispersive behaviors of the equi-frequency contours. The last feature is absent in the effective medium model, usually assumed for SMIMs with local (or k-independent) effective parameters, such as ε || and ε ⊥ . However, as shown in Figure 3 , the equi-frequency contours are peculiar and not simply analytical in shape, associated with anisotropic absorption. Therefore, the effective medium model cannot describe them. We point out that, if one introduces the k-dependent ε || and ε ⊥ and extends the effective medium model, the upgraded model would be equivalent to this Bloch-state analysis; such a model was proposed [12] , but has not been applied to arbitrary k. The upgraded model would have, at least, two parameters (ε || (k) and ε ⊥ (k)) and be more complicated than the present analysis that has been conducted in a thorough way. We here refer to the results of the Bloch-state analysis of the typical SMIMs employed in experiments to date. Figure 7 shows the transmission Bloch bands at TM polarization (blue color) and equi-frequency contours.
A typical SMIM comprises the unit cell of (Ag 30 nm/SiO 2 30 nm) and has a transmission band in the ultraviolet range; similar SMIMs were employed in [4, 6, 7] . Figure 7a ,b exhibits the Bloch-state analysis for the SMIM of one-to-one thickness in the metal and insulator layers. The k x -wide Bloch band appears in the UV range around 3.3 eV (Figure 7a) .
The Bloch band was extracted under a relatively large-loss condition. Figure 7b shows equi-frequency contours at 3.4 (blue curve), 3.5 (purple curve) and 3.6 eV (light purple curve); solid and dashed curves denote the real and imaginary parts, respectively. Obviously, the contours change shape as the photon energy increases, deforming from the quite flat to concave shapes around k x = 0 at 3.4 to 3.6 eV. On the other hand, the optical loss or Im(k z ) increases as |k x | gets larger, which is an explicit signature of spatial dispersion; simultaneously, the contour at 3.6 eV deviates from the concave shape to a convex shape at |k x | > 3. In short, the hyperbolic dispersion assumed in the previous theoretical reports does not exist, even in the typical SMIM. These results are consistent with the feature that SMIMs are spatial dispersive, being out of scope for the effective medium model. Figure 7c ,d is the result for the SMIM of the (Ag 30 nm/I 50 nm)-unit cell where the I was assumed to have a permittivity of 4.84, which was set considering a high-refractive-index insulator, such as Ta 2 O 5 . Similar designs were recently reported [8, 10, 11] . The k x -wide band is located around 2.8 eV and moves to lower energy than the band in Figure 7a . The Bloch band was extracted similarly to that in Figure  7a . The equi-frequency contours at 2.8 to 3.1 eV are shown in Figure 7d , appearing in the order of bottom-to-top. The real (solid curves) and imaginary parts (dashed curves) exhibit a similar profile to those in Figure 7b . Overall, the dispersions indicate spatial dispersion and non-hyperbolic dispersion in the typical SMIMs reported so far.
In contrast to the conventional descriptions claiming hyperbolic dispersion, the present Bloch analysis in Figure 7 explicitly shows that propagation modes in the typical SMIMs in experiments are not well approximated by hyperbolic dispersion. Instead, non-trivial dispersions were derived, associated with the imaginary part (i.e., optical loss).
Conclusions
We have proposed a concrete design of a SMIM that serves as an SR-imaging material at green wavelengths. The design assumed only Ag and a low refractive index common insulator, such as SiO 2 , and presented the well-designed six-layer unit cell. The Bloch-state analysis, which reproduces the experimental data and is able to handle SMIMs of complex unit cells, clarified that the SMIM has hyper modes, suppressing diffraction. We also showed that the loss reduction with a small gain in the insulator can improve the SR-imaging capability. The present method, which provides a firm basis to describe SMIMs, will serve quantitative designs of unexplored SMIMs and precise evaluations of the optical performance.
